
Parallelogram Law

A normed space (X ,
11 · /1) is an inner product space

if and only if 11x +y1+1x-yl = 211X11 + 211811 for all +.J.

Proof : (E) If IX ,
11) is an inner product space,

then 11x +y/n + 11x - y112

= (x + y ,
x+ y) + (x- y ,

x- y)

= 11x11" + 1(y1k + (x, y) + (y , x) + ((x(k + 11811- (x
, y)-(y , x)

= 211x11+ 211y11 for all x
, y + X

.

(E) If ( ,
11 · 11) satisfies Parallelogram Law,

put (x , y) = * (1(x+y()- 1(x- y(l) + =)l(x+:y /|- 1(x-zy()).
We need to check <, is an inner product.

(i) (x , x) = +(112x1 - 0) + =)(ci+ i)x() - 11(1-2)x(1)

= ((x(k + &)211x14 - 211x1)

= 11X/1 o



(x ,
x) = 0 if x =

(ii) For any X
, y,

(x
, y) = f(((x+y(k- 1(x- y(k) + =((x+ = y()- 11x-y())

(y , x) = y(((y + xix- 11y - x(m)+=)y +ix)) - 11y -2x(R)

To show (X
, y1=Ex) ,

it suffices to show

11x+zy1k-11X-iylk= -(lly +exR-lly- ix/1)
,

i . e
.,

11x+ ig11"+ 11y +:x1 = 11x- iy(+ 11y- ix/k.

L . H. S
.
=()((x +iy + y+ ix/ + 11x+ iy - y - ix(p) PL

= k()) (Hi)(x+ y)(( + 1)(1- 2)(x -y))))
= ((x+ y || + 11x- y/1

R. H . S
.

= ())) x-

cy + y - ix/) + 11X -

2y - y + ix())

=* )(1x1 -2)(x+ ys(k + (((i+ i)(x- y , ll")
= ((x+ y ||

"

+ 11x - y //

(iii) Wish (x + y , z) = (x ,z) + (y ,
z) .

1(x + y + z1k= 2((x +z1k+ 21(y /k - 1(x+z- y/12

= 2 ((y +z1k + 21(x1k - 11y+ z - x/12

= 11x + z11'+1+ 11y+z1k+/12

-x+ z - y1k-y+z -X/1

((x+ y - z(k= 2((x - z(k + 211y(k - 11x - z - y1l"

= 2 /ly - z1l" + 211x11 - 11y - z - XI12
= 11x- z1k +#x11 + 11 y - z1+Hy11

-+x - z - y(k -zy - z - x11



Thus 11 x+y +zll" - 11 xty - z11
2

= ((x+ z1" - 1(x- z(k + 11y +zik- ly -z1 2.

Similarly , you can check this for

the imaginary part
.

(iv) Wish (2x , y) =<(x
, y). (

*)

You can cheek by definition (*I holds

forG = 11
,
12.

By (iii) and induction ,
(A) holds for

2T tiTL
.

For CER
,

write =
For
any x , y ,

write x'= *
Then q(2x , y)= q(*x , y

= g(4x , y)

= Pq(X, y)
= P(qX' , y)

=P(X , y)

Thus (2x
, y) = Y(x , y) = &(x , y).

Similarly , you can show (*) holds for GERII].

Since RTi1 is dense in K
,
it suffices

to show for fixed X
, Y,

f : (Kol -> IR by f(x)= (x , j)



is continuous .
It follows the

triangle inequality of norm.

1

Gram-Schmidt process

Let Ex , x2 ,
... ! be a sequence of linearly independent

vectors in an inner product space V.

Put e= x, /1IX 1 11
.
Define en inductively by

enti =
Xnt-th Then Les

,
en
, ...

) is outhonormal.
Nut-un, en)Call

Proof : Clearly ,
In is normal for any neI.

We wish to show for any ne,

for any m = 1, . . .

,
n

, (ent
, em = 0

,
i. e.

(xn+-me , em) = 0 for allm=

Proof by induction :

Suppose this is true for 1,..., n - 1 .

Then (xnt-ut , ever
,
em

= (Xn+1
, em)-ut ,enter

= (n+, (m) - Ant
, em) (em

,
em)

= 1
. #


